Inverse Trigonometric Functions

Inverse Function

If y = f(x) and x = g(y) are two functions such that f (g(y)) =y and g (f(y)) = x, then fand y
aresaid to be inverse of each other i.e. g = f™

IFy = f(x), then x = f(y)

Inverse Trigonometric Functions

If y = sin X, then x = sin%y, similarly for other trigonometric functions.

This is called inverse trigonometric function .

Now, y =sin*(x),y € [x/2,n /2] and x € [-1,1].

(i) Thus, sin*x has infinitely many values for given x € [-1, 1].

(i1) There is only one value among these values which lies in the interval [x /2, / 2].
Thisvalue is called the principal value.

Domain and Range of Inverse Trigonometric FunctionsGraphs of Inverse

Trigonometric Functions
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1, y=sin"! x
2 y=c0s"" x

3, y=tan~ x
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A y = Lol
5 y=sec ' X
& y =cosec ' x

Properties of Inverse Trigonometric Functions
Property |

|
s SR it i —_i"[ i
(11 sin ' (=@ =1, |+HE[ 5 ,2_:
) mas " (eosd) =B e [0, )
o %
(iii) tan ' (tan®)=#; if 8¢ (— = EJ

(v} comec” " [eosce B =8.1F0e [— :: - I;]_ﬂ' # A
(v) sec™! (secd)=f ifte [0,x], 02 1;
(vi) cot™ (cot@)=6; if8 e (0, n)

Property 1l



{:i:l Eiil'[ﬂi.l‘f’::j:.::; ifxe [-1,1]
(i) com{cos ' z)=x; ifxe[-11]
i) tanitan 'x)=x; iflxeR
{iv) cosec (cosec™ x)=x; if ¥s(-ce,— 1} [1, )

(v) secizee™ x)=x; ifxef— oo, = 1] [1,00)

fvid cot(eot™ &)=+ ifre R
Property 11l

(1) sin' (- x)=—sin"'x; fxel-1.1]
(i) cos'(—~x)=m-cos'x; ifxel-11]
(i) tan ‘(- x) =~ tan ' x; if xe R

(iv) cosec™ (-x)=r —cosec'x; if x& (-, —1] 1 [L, )
(v) sec”! (-x)=m-sec'x; ifxe(-oe, - 1] [1,)

(vi) cot™(=x)=n-cot'x; ifxeR

Property IV
i) sin™’ [1]= cosec 'y ifx e (=, — 1] [1,ea)

X

(i) cos™ [1] —pec lx:ifxe(—=,—1]u[l,=)
x

LI .
{iil) tan’ [!}= oot o if x>0
x —m+eat x ifx<n
Property V

(i) sin ' x+cog x= E:if:.te - 1.1]

¥ n .
Ly + oot x = ifre B

J'.|-
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(it} tan”

(iii} sec™ % + cosee’ 'z = —1; fxes(—vs,—1] W [1,==)

Property VI
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gin {qu-y:_y‘h-x}.
(i) sin x4 sin y= n—sin (xy1-3* + ¥1-x'}
—n-sin"{le-y”+y\{l—x"‘l:

f-1sx y<landx’+ y' <lorif xy< Oand x*+ y* > 1
if 0<x,y<landx*+ y%>1
f-1<x, y<Oand 2* +y*>1

sinHxy1- 3% - y1- 2
i) sin~tx—sint y={ w-sin txyf1-y? - yy1 -2}
3 —w—sin" {xyfl—y* - yy1-2°);

w-1<x y<land 2’ +y* slorifxys gandx® + ¥*>1
focx<l, -1 ysOandx® + y*>1

y if —15x<0,0<y<lundx®+ y*>1

Property VI

(i) cos x+cos' y

cos {xy—y1- 2 J1—-37)  if-15%yS landx+y20

2x — cos M ay =1 —xt1 -y} if - 1Sy ySslandx+ys0
(if) cos'x—cos 'y
oos"lxy+\f1—xi 1}1 - y*)if-1<€x,ySlandx<y
—cos"{x}w\fl—x’\/l-y”):if—1Sy$0.0<x_<.1nndx>__v

Property VIII
M tan ' x+tan 'y

'[-'Ell'l_l{r.l.}l]: fxv<l

= 4 r|:+ta:n"[ J'I—]; iz v 0and xy=1
l—xv

—.1+mn"{i-—]; dx< 0 y<Oand xy=1

(i) tan' x—tan”' y

tan™’ l:-:y i ifxy>-1
= ¢ n+tan"(:_:x‘;]; ifx>0,y<0and xy<~-1
-n+tan"[:;:y); ifx<0,y>0and xy<~1

Property IX



(1) gin™ x = coe™! Jl - x? = tan™} x = cot”} _dl-x’

1 -x2 x

e

(i) cos™' x=gin"' Y1 - x* = tan™! : dm

x

gt X 4f1

= Cot ﬁ—sec 1(;)

=cosoc"[ ! ]
Jl-x”

X

e e
el e

Property X

(iii) tan™'x = sin"[

[ sin~ (2x 1 - 2%); if-jlis:rs T

() 2sin™ x={ % - sin"! (21 - 2); ar:;;s;g
-x-sin"(Zle-r’): if-ls:s—-;;;

Gi) 2cos-tx=] €08 (-1 if0sx<]
2% ~cos ' (2x*—1); if-1<x<0

tﬁ.ﬂ"[%}, f-1lex<l
(i) 2tan x= :+tnn'1[lﬂri]: fx>1
—x
_:+mn"[] 2‘12} fre-1

Property Xl



(i) 3sin x=1

(ii) Bcos ' x={

1

sin~(3z — 42°); i = % <1<

x—gin'(3x—4¢%)  if §< wy:

=gt g0~ (35 4P if- 1Sx<-}2—

cos (4x” — 3x); if ;5 x<1

1

2% — cos~\(da — 3x); if—%sxs =

-

-

(1i1) 3tan ' x={

Property XllI

(i) 2tan™' x="

(i) 2 tan™

[

20+ vos (4 - Bx), if-1<x<-
3x-x“_),

e = S
34.““" M;
1-3x

tan

x::

Important Results



(1) tan x+ tan ~ Y+ tan == tan —

\ 1 —xy — y=z — =
ST ] 1 ' n ‘
(m) ftan "x+tan "yvy+tan 'z=—, thenxy+ vz +2xr=1
0
\ . 1 - - 1 4 . | - | - 1 —
(m) If tan r+tan y+tan z=n.thenx+ y+zs=x¥y2
! n )
(1v) Hsin "x+8n "y+8n z=— thenx™+ ¥y + 2"+ 2xyz =1
)
| !
(v) Il sin x+s8n + sin 2 = x, ther
]l - x Vo 1 T2l =27 = 2xy2
(vi) If cos Y4+ Co8  y+co8 z=Jdr, thenxy+yz+2x=3
(vi1) Ifcos " x+cos y4heos z=w, thenx + y "+ 2%+ 2xyz
. 1 I
(vi) Ifsin " x4+ 30 y+s8n 'z= then xv 4 vz 4+ 2x

(ix) fein'x+cin"'vy=0,thencog ' x+cos " y=n-6
. ! . | . i
(x) feos™ ' x+ o8 v=0, thensgin "x4+s8in y=n-0

1 n

(x1) Htan "x+tan " y= then xyv =1
5]
xi1) Ifcot™ x4 cot™ y: then oy
, | & )
(xmm) 1if oo n 9
a )
C : )
th cost s~ 4
ol
~ N ~
1 5 i) LAl i
1 N

whereSkdenotes the sum of the product of Xy, X»,....xtakes k at a time.

Inverse

Trigonometric Equation

An equation involving one or more trigonometrical ratios of unknown angle is called a
trigonometric equation .

Solution/Roots of a Trigonometric Equation

A value of the unknown angle which satisfies the given equation, is called a solution or root
ofthe equation.

The trigonometric equation may have infinite number of solutions.

(i) Principal Solution — The least value of unknown angle which satisfies the given
equation,is called a principal solution of trigonometric equation.



(if) General Solution — We know that, trigonometric function are periodic and solution
oftrigonometric equations can be generalised with the help of the periodicity of the
trigonometricfunctions. The solution consisting of all possible solutions of a trigonometric

equation is calledits general solution.
Important Results

(1) snb=0 = H=nn

1) cosB=0=0=(2n +1)

(i) tanf=0==26 = nn

int tar nd cost

Important Points to be Remembered

(i) While solving an equation, we have to square it, sometimes the resulting roots does

notsatisfy the original equation.

(if) Do not cancel common factors involving the unknown angle on LHS and RHS.Because

itmay be the solution of given equation.

(iii) (@) Equation involving sec 6 or tan 6 can never be a solution of the form 2n+ 1) /2.
(b) Equation involving coseca or cote can never be a solution of the form 6 = nxm.

MCQ

1. sin (g —sin™! (— %)) is equal to
1 1 1
(a) > (b) 5 (C)Z
2. The value of tan™%+/3 — cot =1 (—V/3) is equal to

(a)m (b) -7 ()0

. _ 41,
3. The value of expression 2 sec™12 + sin™?! S s

(d) 1

(d) 2v/3



(a) = (b) = (0= (d) 1
4.sin G cos™1 g) =
= b) -10 d) —=
(@) 75 (b) - (c) 5 (d) ==
5.The domain of the function cos™(2x-1) is
(a) [0,1] (b) [-1,1] (c) (-1,1) (d) [0, 7]
6.ifcos la + cos™1p + cos™! =3mthena(B +y) + f(y + a) + y(a + B) equals

(a) 0 (b) 1 (c) 6 (d) 12

7. Domain of the definition of the function f(x) = \/sin‘l(Zx) +7m/6 is
11 11 11 11
@3z ®]-34) @[3 3] (@ [-53]
8. Range of f(x)= sin”'x +tan™'x +sec'x is

mw 31

(a) (Z’T) (b) E,%”] (c){£,3—”} (d) None of these
9.ifsin"lx = 0 + f and sin"'y = 6 — B then 1+xy
(a) sin?0 + sin?p (b) sin?0 + cos?p (c)cos?0 + cos?B (d) cos?0 + sin?p

. 33m .
10. The value of sin 1cosT is

31T 71T T T
(a) = (b) ——= (c) (d) =2
11. cos™t (cos 7?”) is equal to
(a) = (b) = ()% (d) =
12. sin™ 1t (sin 2?n)is
2T 2T 41T T
(a) == (b) =- ()5 (d) 3

13.The value of cos™? (—Sin 7?n)is



(@) 5 (b) =% (0

14. The value of cos ™1 (cos 37”) is equal to

() (b) = (©F

2
15. ift < x < 2x then cos™1(cos x) is equal to
(a) x (b) —x (c) 2m + x

16. sin(tan™ x), |x|< 1 equal to

X 1 1

1—x2 (b) V1—x2 (C)\/l+x2

(a)

(d) None of these

7T
(d) =

(d) 2mr — x

X

) e

17. if x takes non positive permissible value , then sin™ x=

(@) cos V1 — x2 (b) —cos~1V1 — x2 (c)cos™Wx2 —1 (d)m—cos V1 — x2

18. ifsin 1x = %for some x€ (—1,1) then the value of cos 1x is

3T 5t 71T
(a) 75 (b) 75 (¢l
1L (052 — sin2®)) =
19. cos {ﬁ (cos o sin 10)} =
31 71T 7T
(a) 25 (b) 25 (€)%

20. The values of x satisfying tan(sec™1x) = sin(cos™

V5 3 V5
(a) 5 (b) = (c)—5
21.sec’(tan™ 2)+cosec?(cot™ 3)=
(@) 5 (b) 13 (c) 15
L VE
22.sin Nz is equal to

(a) cos‘l\/g (b) cosec‘l\/g

o
(d) 5
177
(d) <5
114,
ﬁ) is/are
3
(d) —%
(d) 6

(c)tan‘l\/i

(d) None of these



23.ifx € (3?”, Zn) then value of expression sin~1(cos(cos™(cos x) + sin~1(sinx)))
equals

(a) —% (b) % (c)0 (d) None of these

24. sin(1-x)-2sin™ x= % , then x is equal to
1 1 1
(a) 0, (b) 1, ()0 (d)2

25.if f(x) = sin"1x + cos™1x + tan~1x + cot~1x + sec”lxthen f(x) lies in the
interval

31

(a) [, 27] (b) (7, 217) © |7 uE, 2n (d) None of these

26.ifcos™1x + cos™1y = 2 then sin"1x + sin"1y is equal to

(@) (b)—m (c)% (d) None of these
27. if 3tanx+ cot'x= 1 then x equals

(a) 0 (b) 1 (c)-1 (d)~

28. ifcos (sin‘1 % + cos‘lx) = 0 then x is equal to

(a)

ul ] -

(b) ()0 (d) 1

29. The value of x for which cos™*(cos 4)> 3x*-4x, is

2+vV6m—8 2—/6m—8 2—/6m—-8 2+V6m—8
(@ (0,223 (b) (F2=2,0) (o) (-2,2) (@) (=2
ANSWERS
1 d 2 b 3 b | 4 a | 5 a 6 c 7 a 8 c 9 b
10| d |11 | d |12|d |13 | c |14 | a |15| d |16 | d [17 | b |18 ]| a
191 d |20 b |20 | c |22 | c |23 | b |24 c |25 c |26 b |27 | b
28| b 129 d




